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Abstract: The motion of a ship in long beam seas could be described by a second-order non-linear differential equation, having the roll 
angle as variable and depending on four parameters. With the direct forcing amplitude as bifurcation parameter, the dynamical system 
exhibits either periodic or chaotic behaviour, the route to chaos being realized by a period doubling sequence of periodic motions. Some 
accepted indicators, like bifurcation diagrams, phase planes and Poincare sections have been computed and they confirm the transition from 
order to chaos. In the main part of the paper, the harmonic balance method is used to obtain approximate solutions for the periodic motions 
and to predict the period doubling bifurcations by a stability analysis. 
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1. Introduction 
Capsizing is the most disastrous situation in which can find a 

sailing ship, since it leads to heavy losses of human lives and ship. 
It primarily affects the fishing boats and small vessels, but in certain 
circumstances large ships may suffer too, although they satisfy all 
the existing rules concerning the risk of capsizing [1]. This is why 
the stability against capsizing is a fundamental requirement when 
designing a ship. Unfortunately, despite an extensive experimental 
and theoretical research during the last decades, this undesirable 
complex phenomenon is not fully understood yet. 

The efforts of researchers have been focused on several 
directions. First, it was found that the majority of capsizing events 
occur in astern seas, as a result of pure loss of stability, parametric 
resonance, broaching, cargo shift, water on deck and wind [2]. 
Second, mathematical models, following an increasing 
sophistication and capable of predicting well enough the ship 
dynamics for some given environment conditions, have been 
proposed. Most of these approaches consider only the ship’s rolling 
motion, but models with two, three and even six degrees-of-
freedom have been developed. A generally accepted model has not 
yet been established [3, 4]. Finally, some innovative concepts as 
transient safe basins, transient capsize diagram, index of capsized 
resistance, and the recent theoretical developments in the dynamical 
non-linear systems seem to lead to an improved understanding of 
the ship capsize process [5, 6]. 

According to Cardo et al [7], it has become habitual to study the 
capsize dynamics using a one degree-of-freedom nonlinear 

oscillator taking the form ( ) )(, tftGZg =+







+

•••
θθθ , with θ  the 

roll angle,  






 •
θg  the damping function, ),( tGZ θ  a non-linear 

function which encapsulates the restoring moment, and )(tf the 
external forcing function depending on time. 

 In the present work we shall restrict our attention to the 
particular case of Thompson’s equation, which models in a 
simplified fashion the uncoupled roll motion of a ship in periodic 
beam seas, with both direct and parametric excitation, the latter 
multiplying the conventional restoring function [8]. The remainder 
of our paper proceeds as follows. In Section 2 the archetypal model 
equation of Thompson et al. is presented in the simplest setting 
possible. In the following two sections, the approximate solutions 
for the periodic orbits, given by fast Fourier transform and 
harmonic balance method, are obtained. We close with a short 
summary and conclusions in Section 5. 

2. Capsize equation 
 In the paper, the following equation, derived by Thompson et 

al., is further investigated numerically and analytically with a view 
to prove the period doubling sequence of periodic motions leading 
to chaos, and finally to capsize: 

(1)               ( )( ) tFtGxxxx ωωβ sincos12 =+−++
•••
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Here, θ  represents the roll angle, Vθ  the angle of vanishing 
stability, β  the non-dimensional damping coefficient, fω  the 

wave frequency, nω  the natural frequency of the boat, A the wave 
height, and k the wave number. The forcing amplitudes F and G 
stand for direct and parametric excitation, respectively. Finally, a 
dot denotes differentiation with respect to time. The details about 
Eq. 1 can be found in [8], where some preliminary numerical 
studies for 85.0=ω  and 1.0=β  are presented.  

As a continuation of their work, in the present paper we address 
a different area of frequencies, namely we set .8.1=ω  Other 
constant values used are 1.0=β , and FG 5= . With the direct 
forcing amplitude F as bifurcation parameter, it was found that the 
analyzed system exhibits either periodic or chaotic behavior, the 
route to chaos being realized by a doubling sequence of periodic 
motions. A sense of the rich dynamical behavior which system (1) 
displays can be gleaned from the bifurcation diagram F – x in Fig.1.  
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Fig. 1 a) Bifurcation diagram F - x for FG 5,8.1,1.0 === ωβ ; 
b) The upper – right part of (a) is zoomed for details. 
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To construct this diagram, we started from equilibrium 

conditions ( 0)0()0( ==
•
xx ) and plotted x at every one forcing 

cycle with the same phase angle. The first 200 cycles were 
discarded to avoid transients.  

3. Approximate solutions for periodic orbits with 
Fast Fourier Transform 

Fig. 1 shows that for relatively small forcing amplitude F the 
system executes oscillations with period ωπ /2=T . As F is 
gradually increased the period –T motion bifurcates into a period – 
2T motion. For further increase of forcing period 4T, 8T, 16T, and 
so on, motions are obtained. When F outruns 0.286, the response 
becomes chaotic. The periodic motions could be well approximated 
by a finite series of the form  

(3)                       ( )∑
=

+=
n

i
ii ktbktatx

0

/sin/cos)( ωω  

with coefficients niba ii ,0,, = , real numbers given by Fast 
Fourier Transform (for short FFT) and k stands for kT period. The 
phase plane plots, and the Fourier spectra for the cosine and sine 
components (black and red vertical lines, respectively) when 

{ }282.0,27.0,25.0,1.0∈F  are illustrated in Figs. 2 to 5. The results 
obtained by FFT method, which include the first 12 harmonics and 
sub-harmonics, are also presented in the phase planes and are 
indicated by red asterisks. The blue dots stand for Poincare sections. 
It is obvious that the agreement between the solution obtained by 
the FFT method and the numerical integration is excellent, in what 
when one is superimposed over the other they are practically 
indistinguishable. 
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Fig. 2 Phase plane plots and the Fourier spectra for capsize equation (1) 
with F = 0.1. 
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Fig. 3 Phase plane plots and the Fourier spectra for capsize equation (1) 
with F = 0.25. 
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Fig. 4 Phase plane plots and the Fourier spectra for capsize equation (1) 
with F = 0.27. 
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Fig. 5 Phase plane plots and the Fourier spectra for capsize equation (1) 
with F = 0.282. 
 

4. Approximate solutions for periodic orbits with 
harmonic balance method 
      From the dynamical phase diagram depicted in Fig. 1, it is clear 
that the period bifurcation phenomenon could be regarded as a 
precursor of the chaotic behavior and, finally, of ship capsizing. To 
estimate approximately the bifurcation point from period T – orbit 
to period 2T – orbit and the significant jump of the roll amplitudes, 
in this section a harmonic balance analysis is performed [9]. 

      According to experience gained in working with FFT, we 
assume a period T solution of the form (3), with n = 2 and k = 1. 
Substituting it in the capsize equation (1) and balancing the free 
terms and the coefficients of  ttt ωωω 2cos,sin,cos  and tω2sin , 
the following strong non-linear system of five equations with 

1210 ,,, baaa and 2b as unknowns is obtained: 

(4)         ( ) ( ) ( )+−++++−− 01
2
2

2
2

2
1

2
100 5.05.01 aGababaaa  

( ) 05.05.0 21212 =+−+ bbaaGGa  

(5)     ( ) ( ) ( )+−−+++−−− 0
2

1
2
2

2
2

2
1200 2125.01 aabaaGaaGa ω  

( ) 021211 =+−+ bbaab βω  

(6) ( ) FababGbabaaba =−++−−−+− 122120110
2

11 )(21 ωβω  

(7)               ( ) ( ) −+−−+− βωω 20
2

201 22415.0 baaaGa  

( ) 05.0 2
1

2
121 =−−− baGaa  

(8)               ( ) ( ) −−−−+− βωω 20
2

201 22415.0 aabaGb  

02111 =+− Gbbba  

      This system has been solved for different forcing amplitudes F, 
equally spaced between 0 and 0.22, using Newton-Raphson method 
and the findings are displayed in Fig. 6. 
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Fig. 6 Amplitudes 1210 ,,, baaa and 2b  for different forcing amplitudes 

For F = 0.1, we found ,0041.0,0077.0,0062.0 210 =−== aaa  
006.01=b , and 0067.02 −=b . The associated time history and the 

phase plane (the asterisks) are shown in Fig. 7, along with the 
solution obtained by numerical integration (the continuous black 
curve). It could be seen that the agreement between the two 
solutions is good, with some notable differences at peaks and  

19

SCIENTIFIC PROCEEDINGS XXIII INTERNATIONAL SCIENTIFIC-TECHNICAL CONFERENCE "trans & MOTAUTO ’15" ISSN 1310-3946

YEAR XXIII, VOLUME 3, P.P. 18-21 (2015)



troughs of time history plot. 
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Fig. 7 Time history and phase plane for capsize equation with F = 0.1. 

Magenta asterisks stand for approximate solution given by harmonic 
balance method, while black curves represent numerical solution. 

Continuing to grow the forcing amplitude F above 0.22 will 
come a time when the period – T solution becomes unstable and a 
period 2T- orbit will replace it. To investigate this bifurcation one 
considers a perturbed solution of the form ( ) ( ) )(txtxtx δ+= .        
Replacing the perturbed solution into (1) and noting that x(t) 
verifies the same equation, we get the following linearized 
variational equation 

(9)                 ( )( ) 0cos121 =+−++
•••

xtGxxx δωδβδ  

        Fig. 3 shows us that the perturbation xδ  must be chosen as 

(10)    
2

3sin
2

3cos
2

sin
2

cos 2/32/32/12/1
tbtatbtax ωωωω

δ +++=  

        From (10) and (9), by equating like harmonic terms, a 
homogeneous linear algebraic system is obtained. In matrix form, it 
is written as 

(11)               { } { }TTbabaM 0000][ 2/32/32/12/1 =⋅  

where the elements of matrix [M], which are functions of 
1210 ,,, baaa and 2b , are given in Appendix. 

        The period – 1 solution becomes unstable and bifurcates into 
period – 2 solution when the determinant of matrix M changes its 
sign from negative to positive [9]. For the analyzed case, this 
happens when 22.0≅F , which is in good agreement with value 

23.0≅F given by numerical integration (see Fig. 8). 
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Fig. 8 Determinant of matrix M  vs. forcing amplitude F 

        Further, for a brief interval of forcing amplitudes’ values the 
system (1) undergoes a transition from a period 1 to a period 2 
motion, this stage being characterized by high-order period motions 
or even chaos (see Fig. 9). 
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Fig. 9 Time history and phase plane for capsize equation with F = 0.234. 

       Starting with 232.0≅F , the equation (1) has a solution of the 
form )(tx , which includes the perturbation xδ given by (10). 
Replacing it into (1) and balancing the harmonic terms, the 
following algebraic non-linear system of nine equations is obtained: 

(12)   ( ) ( )++++++++−− 2
2

2
2

2
2/3

2
2/3

2
1

2
1

2
2/1

2
2/100 5.01 babababaaa  

( ) ( )[ ] 04/5.0 10
2

2/1
2

2/1212/32/12/32/11 =−−+−−−+ aaabaabbaaaG  

(13)   ( ) ( ++−+−− 12/112/12/10
2

2/1 5.0225.01 bbaabaa ωβω  

) ([ −−−+++++ 22/122/12/32/122/322/32/31 5.0 bbaaaaGbbaaaa  

     ) ( )] 012/12/302/1022/322/32/31 =++−−−− aaaaaabbaaaa  

(14) ( ) ( +−−−−+− 12/112/10
2

2/12/1 225.015.0 abbaaba ωωβ  

) ([ ++−+−+−++ 22/122/12/32/122/322/32/31 5.0 abbabbGabbaba  

     ) ( )] 022/12/302/1022/322/32/31 =−−+−++ bababaabbaba  

(15)      ( ) ( ) ( +−−++−− 2/32/1
2

2/1
2

2/110
2

1 5.021 aaabbaa ωβω  

) ( ) ([ −−−−−+−+++ 2
2/3

2
2/3

2
2/1

2
2/1200212/32/1 5.01 babaaaaGaabb

 

) ( ) ] 0325.0 20
2
1

2
12/32/12/32/1

2
2

2
2 =−+−+−−− aababbaaba  

(16) ( ) ( )2/32/12/32/12/12/10
2

11 21 abbabaaba −+−−−+− ωωβ + 

( )[ ] FbabaabbabG =−−−−+ 20112/32/12/32/125.0  

(17)     ( ) ( −+−+−− 22/112/12/30
2

2/3 5.1225.21 aaaabaa ωβω  

) ([ −+−−−++− 22/112/122/112/12/122/112/1 5.0 bbbbaaaaaGbbbb  

) ( )] 02/312/1022/322/3 =+−−− aaaabbaa  

(18)    ( ) ( ++−−−+− 22/112/10
2

2/32/3 225.215.1 babaaba ωωβ  

) ([ −−+−−+−+ 22/112/122/112/12/122/112/1 5.0 ababbababGabab  

) ( )] 02/312/1022/322/3 =+−+− babaabba  

(19)       ( ) ( ) ( +−−++−− 2/32/1
2
1

2
120

2
2 5.02241 aaabbaa ωβω  

      ) ( ) ( )[ ++−−−+− 21102/32/12/32/112/32/1 5.0 aaaabbaaaGbb  

( )] 025.0 2
2/3

2
2/3

2
2/1

2
2/1 =−+−+ abab  

(20) ( ) ( )+++−−−+− 112/32/12/32/10
2

22 2412 baabbaaba ωωβ  

( ) ( )[ ] 05.0 21102/32/32/32/12/12/11 =+−−+−+ bababaabbabG  
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     Fig. 10 Time history and phase plane for capsize equation with F = 0.25. 

     Magenta asterisks stand for approximate solution given by harmonic 
balance method, while black curves represent numerical solution. 

        The Newton –Raphson procedure did not work for the system 
(12-20) due to the important difference between  0a  and 2/1b  on 
one hand, and the other unknowns. 
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        However, neglecting the small terms like 22/1 aa , we were 
able to estimate the solution of system (12 – 20). The results for 

25.0=F  are shown in Fig. 10. Again, the agreement between the 
harmonic balance solution and the numerical one is good enough, 
the notable differences being associated to the first derivative, 

dtdx / . The period – 2T motion loses quickly its stability (around 
26.0≅F ) and, after a new transition stage, turn into a period – 4T 

motion. The mathematics involved by harmonic balance method 
becomes from now on quite cumbersome. 
 

      5. Conclusions 

In the paper, the ship capsize equation provided by Thompson 
and co-workers was analytically and numerically investigated for a 
range of frequencies far from resonance conditions. Excepting the 
fact that capsizing is moving into an area of higher values of forcing 
amplitudes, the system’s behaviour remains unchanged, i.e. the 
chaos is shown to occur through a cascade of period doubling 
bifurcations as the forcing amplitude is increased. 

The Fast Fourier Transform has been used to obtain 
approximate solutions for period – T, 2T, 4T and 8T motions, and 
the results proved to be excellent when compared with the 
numerical ones. 

The Harmonic Balance Technique, with appropriate harmonic 
terms in the assumed solution, allowed us to approximate period T 
and 2T motions and to estimate the bifurcation between them. 
Because of the mathematics involved in approximating the higher-
order period motions, the above-mentioned method is inadequate to 
study the next period-doubling bifurcations leading to chaos.  
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APPENDIX 

The elements 4,1, ≤≤ jim ji  of matrix M in (11) are defined as 
follows: 

( ) ,215.0,25.021 1202
2

101 aGaaPGaaP −−−=−−−= ω  

,5.0,5.0,5.0 1254213 GaaPPGbbP +==−−= ωβ  

,5.0,25.221,5.0 18
2

107126 GaPGaaPGbbP =−−−=−−= ω  

,,,5.0,5.1 431221112109 PPmPPmGbPP +=+=−== ωβ  

,,,, 2122432136145213 PPmPPmPPmPPm −=−=+=−=  

,,,, 3632523152243623 PPmPPmPPmPPm −=−=+=−=  

,,,, 25426341109348733 PPmPPmPPmPPm +=+=+=−=  

., 874491043 PPmPPm +=−=  
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